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Abstract 
This research has focused on the study of meta-cognitive behaviors as one of the important and effective behaviors in 
mathematical problem solving. The main purpose of this study was to assess the role of meta-cognitive skills in mathematical 
problems solving (example of combinatorics). Wherefore complexity nature of meta-cognition, there is broad consensus among 
researchers that all methodologies applied in this area of research are fallible, have strengths and weaknesses, and feel that the 
strengths of one single methodology can complement the weaknesses of another methodology. Thus, in this study, we used 
mixed methodology (writing and self-questionnaire) that do not share the same source of error to provide a more reliable picture 
of the phenomena under investigation. Another aims were, identity of prevalent errors and student’s difficulties in combinatorics 
problems solving, and to assess the role of meta-cognition on routine and non-routine problems. A group of thirty four college 
students enrolled in discrete mathematics participated in this study. In this research the students were asked to write their total 
mental processes during solving two problems. Immediately after solving the problems, the students were given a questionnaire 
to answer the questions accordingly to their mental processes during solving the second problem. The Problem solving protocols 
were initially analyzed using Foong’s model. The results showed, first, the mean difference of successful student’s meta-
cognitive behaviors was significant in solving both problems compare to unsuccessful students at the 0.05 level, (F[2, 
31]=34.015, p<0.05), (F [2,31]=65.764, p<0.05). And second, meta-cognitive skills active on non-routine problems and to 
facilitate solving of them.  
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1. Introduction 
   
The concept of meta-cognition was introduced by Flavell as a concept of intelligent structuring, storage of input, of 
intelligent search and retrieval operations, of intelligent monitoring, knowledge of these storage and retrieval 
operations a kind of 'meta-memory' (Flavell, 1971 p. 277). Meta-cognition refers to one’s knowledge concerning his 
own cognitive processes and products, and to the active monitoring, consequent regulation, evaluation of cognitive 
activities (Flavell, 1979). Lester and his associates (1989) indicate that most psychologists believe that meta-
cognition made of two separate but related aspects: knowledge about cognition and regulation of cognition. The 
second aspect refers to the type of decision behaviours one makes in order to: (a) become aware of decisions 
necessary for planning the solution processes, and of the effective use of such decisions; (b) monitor progress 
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(monitoring actions and effectiveness of applying strategies); and (c) assess the situation and evaluate solution 
(Callahan, 1987). According to De Corte, Verschaffel and Op't Eynde (2000) self regulation constitutes a feature of 
effective learning and problem solving. It is the ability to use meta-cognitive knowledge strategically to achieve 
cognitive goals. Mathematics is always one of the difficult subjects for school students. Von Glasersfeld(1995) says: 
[Educators] have noticed that many students were quite able to learn the necessary formulas and apply them to the 
limited range of textbook and test situations, but when faced with novel problems, they fell short and showed that 
they were far from having understood the relevant concepts and conceptual relation.Educators attribute the lack of 
mastery of metacognitive skills of our students to be one of the factors contributing to these problematic situations 
(Yong and Kiong, 2000).  
 
Problem solving ability is recognized as a complex interplay between cognition and meta-cognition. A primary 
source of difficulty in problem solving may lie in pupils’ inabilities to actively monitor and subsequently regulate 
the cognitive processes engaged in during problem solving (Artzt & Armour-Thomas, 1992). An extremely 
important but often neglected aspect of learning is that students often have the requisite knowledge and skills for 
performing complex tasks but fail to use them. Sometimes it is because they are not motivated or confident to apply 
them, and sometimes because they do not recognize that the situation calls for the use of those skills (Hartman, 
2001a). That is, learners may have declarative and procedural knowledge, but not the contextual or 
conditional knowledge needed for its application and transfer.  
 
a) determining the difficulty of a task; b) monitoring their comprehension effectively, i.e. not recognizing when they 
do not fully understand something (e.g. task directions, information in textbooks); c) planning ahead (e.g. what they 
need to do and how long each part should take); d) monitoring the success of their performance or determining when 
they have studied enough to master the material to be learned; e) using all the relevant information; f) using a 
systematic step-by-step approach; and g) selecting and employing appropriate representations (Hartman, 2001a). All 
these abilities are meta-cognitive in nature. But Lester (1994, pp. 666-667) state that effective meta-cognitive 
activity during problem solving requires knowing not only what and when to monitor, but also how to monitor (Pape 
& Smith, 2002). 
 
The domain of discrete mathematics is more specific as far as the procedures of proof and modelling are concerned. 
In combinatorics we start with a constrained system and we work with a set of objects (called configurations) 
verifying those constraints in order to calculate their number. The main difficulty is to find a suitable representation 
of the problem and an appropriate modelling of the solution (Biryukov 2002, cited in Le calvez, 2003). Also, 
researchers such as Scraw and Denison (1994) believe that solving of problems in domain of combinatorics 
develops student’s critical thinking abilities and thus it leads to activating their meta-cognitive skills especially 
“planning a strategy” which improves the performance. 
 
In addition, ingredients that make the researchers to use combinatorics for this study involved: 
x Ample Usages of this branch of mathematics in other science. 
x Ample difficulties that majority of students encountered in combinatorics problems solving. 
x Potentiality of combinatorics problems for provides the goals of this study. 
x Number of researches in this domain is little.   
 
2.  Methodology 
 
In this study, one group of college students with thirty four members which had enrolled in discrete mathematics 
participated in this study. Participants in this study involved sixteen girls and eighteen boys. In this research the 
students were asked to write their total mental processes in forty five minutes time during solving the two discrete 
mathematics problems. Due to the nature of meta-cognition, researcher mixed methodologies for this study that 
involved writing and self-questionnaire. Because in this area of research, have their strengths and weaknesses and 
feel that the strengths of one single methodology can complement the weaknesses of another methodology.  
 
In this research the students were asked to write their total mental processes during solving two problems. 
Immediately after solving the problems, the students were given a questionnaire to answer the questions according 
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to their mental processes during second problem. The problem solving protocols were initially analyzed using a 
taxonomy modified from the one previously derived in the study on problem solving ( Foong,1993). Taxonomy of 
problem solving behaviours based on Foong’s taxonomy involved five phases:  
 
Problem orientation behaviour, Heuristic problem solving behaviour, Domain-specific behaviour, Affective 
behaviour and Meta-cognitive behaviour. In this taxonomy meta-cognitive behaviours involve; Stating a plan (M1), 
Clarifying task requirements (M2), Reviewing progress (M3), Recognizing error(M4), and Detecting new 
development(M5). In this research the questionnaire designed containing of twenty three-items, which described the 
possible cognitive and meta-cognitive behaviours of the students during the problem solving processes, based on 
four instruments: Fortunato, Hecht, Tittle and Alvarez (1991) asked seventh-grade students to work on a non-routine 
problem and then respond to twenty–one statements about what they were thinking while solving a problem, in 
order to measure their meta-cognitive abilities in relation to their performance on solving mathematical problems. 
Schraw and Sperling-Denisson (1994) developed a fifty two-item Likert scale self-report inventory for adults 
(MAI), which measured both knowledge about cognition and regulation of cognition. Panaoura, Philippou, and 
Christou (2003) developed an inventory consist of 30-items, for the measurement of young pupils meta-cognitive 
ability in mathematics. Also use of Biryukov’s inventory (2002) involved fourteen-item in combinatorics problem 
solving. Moreover we designed some other questions according to the research purposes. Analyse of Variance 





Table 1 revealed the profile of thirty four respondents: 
Eleven Students solved both problems correct (successful students), fourteen Students solved only first problem 
correct, nine Students failed in both problems (unsuccessful students). The student’s written descriptions about their 
thinking processes during solving problems divided into segments of behaviours. Each segment was then classified 
and encoded according to Foong’s taxonomy. 
 
Table1 : student’s meta-cognitive behaviours according to Foong’s taxonomy in the first and second problems 
 
 Successful students Half successful students Unsuccessful students 
First/ Second First/ Second First/ Second 
Stating a plan 34,37 45,25 26,13 
Clarifying task 
requirements 
3,0 2,0 0,1 
Reviewing progress 36,53 51,23 12,10 
Recognizing error 5,17 12,6 2,2 
Detecting new 
development 
5,2 18,2 1,1 
 
According to table 2, there is significant difference among mean of meta-cognitive behaviours of these three groups 
in first problem (F [2, 31] =34.015, p<0.05). In addition, table 3 indicated, there is significant difference between 
group 1 and group 2, group 2 and group 3 and group 3 and group1 in first question. This means the meta-cognitive 
behaviours of successful group in first problem solving is higher compare to the unsuccessful group. Hence, the high 
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Table 2: Meta-cognitive behaviours on three groups  in the first problem by one- way- ANOVA test 
 
 Sum of Squares df Mean Square F Sig. 
Between Groups 115.572 2 57.786 34.015 .000 
Within Groups 52.664 31 1.699   
Total 168.235 33    
Table 3: the results of  LSD test between groups 
 
(I) freq (J) freq 
Mean Difference 
(I-J) Std. Error Sig. 
95% Confidence Interval 
Lower Bound Upper Bound 
1.00 2.00 -1.59740* .52515 .005 -2.6685 -.5263 
3.00 2.98990* .58583 .000 1.7951 4.1847 
2.00 1.00 1.59740* .52515 .005 .5263 2.6685 
3.00 4.58730* .55687 .000 3.4516 5.7230 
3.00 1.00 -2.98990* .58583 .000 -4.1847 -1.7951 
2.00 -4.58730* .55687 .000 -5.7230 -3.4516 
 
 
The table 4 indicated that, there is significant difference among mean of meta-cognitive behaviours of these three 
groups in second problem (F [2, 31]=65.764, p<0.05). In addition, table 5 indicated, there is significant difference 
between group 1 and group 2, group 1 and group 3 in second question. This means the meta-cognitive behaviours of 
successful group in second problem solving is higher compare to unsuccessful group. Hence, the high meta-
cognitive behaviours cause high mathematics problem solving performance.  
Table 4: meta-cognitive behaviours on three groups  in the second problem by one- way- ANOVA test 
 
 Sum of Squares df Mean Square F Sig. 
Between Groups 300.856 2 150.428 65.764 .000 
Within Groups 70.909 31 2.287   
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Table 5: the results of  LSD test between groups 
 
(I) freq (J) freq 
Mean Difference 
(I-J) Std. Error Sig. 
95% Confidence Interval 
Lower Bound Upper Bound 
1.00 2.00 5.90909* .60937 .000 4.6663 7.1519 
3.00 6.90909* .67978 .000 5.5227 8.2955 
2.00 1.00 -5.90909* .60937 .000 -7.1519 -4.6663 
3.00 1.00000 .64617 .132 -.3179 2.3179 
3.00 1.00 -6.90909* .67978 .000 -8.2955 -5.5227 
2.00 -1.00000 .64617 .132 -2.3179 .3179 
 
Student’s problem solving protocols showed that successful students dominated over the solving of the first problem 
and solved it easily and control of problem solving process was mostly automatic for them. Although half successful 
group solved the problem correctly, but they confronted with more difficulties and they made more errors. In fact, 
the role of first problem was non-routine for the half successful students. The unsuccessful student’s strategy for the 
first problem was similar to the other two groups, but the cause of their unsuccessful was scant attention to revision 
and control of problem solving process. But in the second problem that was non-routine and difficult, successful 
student’s meta-cognitive behaviours frequency had a noticeable distinction than the other two groups. Although 
there are conflict results about the role of meta-cognition on routine and non-routine problems ( see, Lucangle et 
al,1997, Pintrich, 1986,  De Groot,1999), but the results of this study confirm the Pintrich study (1986). On the other 





The main purpose of this study was to assess the role of meta-cognitive skills in mathematical problems solving 
(example of combinatorics). In this research the students were asked to write their total mental processes during 
solving two problems. Immediately after solving the problems, the students were given a questionnaire to answer the 
questions according to their mental processes during solving second problem. The analysis of problem solving 
protocols revealed that, student’s writing about their mathematical problem solving processes evidence of a meta-
cognitive framework and demonstrate engagement of various meta-cognitive behaviours. The results showed, the 
mean difference of successful student’s meta-cognitive behaviours in solving both problems, in compare with 
unsuccessful students, was significant at the 0.05 level. Davidson and Sternberg (1998) believe that meta-cognition 
appears to function as a vital element contributing to successful problem solving by allowing an individual to 
identify and work strategically. One of important results of this study was about student’s difficulties. The most 
prevalent of student’s difficulties in combinatorics problems solving as follow: 
 
x Inability to understand the problem exactly. 
x Inability to adapt the prior problems to task and subsequently choosing the wrong strategy for solving the 
problem. 
x Not having prior suitable information and inability to recall the formulae. 
x Inability to be sure of the correctness of their find answers.   
 
Another remarkable result in this study was existence of a meta-cognitive framework in student’s writing. Pugalee 
(2001) state that among techniques that enhance meta-cognitive behaviours, writing appears to be a promising 
vehicle for providing the types of experiences necessary to promote the development of behaviors that are 
considered to be meta-cognitive. He adds that additionally, the findings support the premise that student’s writing 
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can provide a source of information for teachers to assess how their students learn and think about mathematics. 
Miller and Hant (1994) wrote that student’s writing had power to initiate teacher change as teachers reflect on the 
writing and base revisions, reteaching, or individual assistance on what students indicate through their writing. 
Cooney (1994) suggests that writing should become an integral of teacher development, producing practitioners who 
are concerned about reflection, adaptation, and process (cited in Pugalee, 2001).  
 
In addition the findings of this study certify the important of meta-cognition in mathematical problem solving. The 
results show that for the successful solution of any complex problem solving task a variety of meta-cognitive 
processes is necessary. The comparison of student’s meta-cognitive behaviours shows that students with higher 
levels of meta-cognitive ability perform better in problem solving tasks. They take great care to understand the 
relationships among the facts in a problem. They check themselves for accuracy, and they control the problem 
solving process step by step. The questions remains, can the meta-cognitive skills teach to students to improve their 
problem solving skills and increasing their problem solving performance? This calls for a more extensive research to 
be conducted. 
References 
Allen, B.R. (1991). A study of metacognitive skill as influenced by expressive writing in college introductory algebra classes. Unpublished   
doctoral dissertation, Louisiana State University and Agricultural and Mechanical College.  
Artzt, A. & Armour-Thomas, E. (1992). Development of cognitive-mtacognitive framework for protocol analysis of mathematical problem          
solving in small groups, Cognition and Instruction, 9(2), 137-175. 
Biryukov, P.(2002). Metacognitive aspects of solving combinatorics problem. International Journal in Education Mathematics, 74. March 29th. 
Borkowski, J. G., Teresa Estrada, M., Milstead, M., Hale, C.A. (1989). General problem solving skills: Relations between metacognition and       
strategic processing. Learning Disability Quarterly, 12, 57-70. 
Callahan, L.G.(1987). Research report: Metacognition and school mathematics. Arithmetic Teacher, 34(9), 22-23. 
Collins, A., & Brown, J.S. (1988). The computer as a tool for learning through reflection. In H. Mandl & A. Lesgold (Eds.), Learning Issues for   
Intelligent Tutoring Systems, pp. 1-18, New York: Springer-Verlag. 
Cooney, T. J.  (1994). Teacher education as an exercise in adaptation. In D. B. Aichele & A. F. Coxford (Eds.), Professional development             
 teachers mathematics, pp. 9-22, Reston VA: The National Council of Teachers of Mathematics. 
Davidson, J.E., Sternberg, R.J. (1998). "Smart problem-solving: how metacognition helps", in Hacker, D.J., Dunlosky, J., Graesser, A.C. (Eds),   
Metacognition in Educational Theory and Practice, Lawrence Erlbaum, Mahwah, NJ, pp.47-68.  
De Corte, E., Verschaffel, L. & Op't Eynde, P. (2000). Self-regulation, A characteristic and a goal of mathematics education. In Monique              
Boekaerts, P. pintrich & M. Zeider (Eds), Handbook of Self-Regulation, 687-726, USA: Academic press. 
Derry, S.j. Hawkes, L. W. (1993). Local cognitive model of problem solving behavior: An application of fuzzy theory. Copputers as cognitive      
tools. Lajoie, Susanne, P. and Derry, Sharon j. (eds) Lawrence Erlbaum Associates. 
Desoete, A., Royers, H. Busse,  A. (2001). Metacognition and Mathematical Problem Solving in Grade 3", Journal of Learning Disabilities        
34(5). 
Flavell, J.H.(1971). First discussant’s comments: What is memory development the development of ? Human Development, 14  p. 277. 
Flavell, G. H. (1979). "Metacognition and Cognitive Monitoring: A new area of psychological inquiry", American Psychologist, 34, pp.906-911. 
Foong,P.Y. (1993). Development of a framework for analyzing mathematics problem solving behaviors. Singapore Journal of Education, 13(1),  
pp.61-75. 
Gourgey, A. F. (1998). Metacognition in basic skills instruction. Instructional Science, group5, 26(1). 
Hartman, H. J. (2001a). Developing students' metacognitive knowledge and skills. In H. J. --Hartman (Ed.), Metacognition in Learning and         
Instruction, pp. 33-67, Dordrecht , --Netherlands : Kluwer.  
 Le calvez et. al.: (2003). The Combien? A software to teach students to solve combinatorics. Project. 11th International Conference in Artificial 
Intelligence in Education. Sydney, Australia, July, pp.20-24,2003, vol.8. 
Lester, F. K. Jr. (1987). Why is problem solving such a problem? In proceedings PME XI, Montreal. 
Lester, F. K. Jr. Garofalo, J. & krool, D. L. (1989), The role of metacognition in mathematical problem solving, A study of two grade seve           
classes, Final report, project of the mathematics education development center, School of Education, Indiana University, Bloomington. 
Lucangli, D, Cornoldi, C. (1997). "Mathematics and Metacognition: what is the Nature of Relationship?", Mathematical Cognition, 3, pp.121-   
139. 
Mc Leod, D. (1992). Research on affect in mathematics education: a reconceptualization. In Douglas A. Grows. (ed), Handbook of Research on   
Mathematics Teaching and Learning. Macmillan Publishing Company, New York. 
Miller, L. D., & Hunt, N. P. (1994). Professional development  through action research. In D. B. Aichele & A. F. Coxford (Eds.), Professional      
 development for teachers mathematics, pp. 296-303, Reston VA: The National Council of Teachers of Mathematics. 
Panaoura, A, Philippou, G, I, Christou, C. (2003), Young Pupil’s Metacognitive Ability in Mathematics. European Research in Mathematics        
  Education lll: Group3. http://www.dm.unipi.it/~didattica/CERME3/proceedings/Groups/TG3/TG3_Panaoura_cerme3.pdf 
Pape, S. J, Smith, C.  (2002). Self-regulation mathematics skills, Theory into Practice, 41, 2. 
Pugalee, D. K., (2001). Writing, mathematics, and meta-cognition: looking for connections through students’ work in mathematical problem        
   solving. School Science and Mathematics, 101(5), pp. 236-245. 
Schoenfeld, A.H. (1983). Theoretical and pragmatic issues in the design of mathematic problem solving. Paper presented at the annual meet        
  of the American Educational Research Association, Montreal. 
Schoenfeld, Alan. H: (1985). Mathematical problem solving, academic press, INC, Harcourt Brace Jovanovich, Publishers. 
426  Farhad Kazemi et al. / Procedia Social and Behavioral Sciences 8 (2010) 420–426
Scraw, G. & Dennison, R.S.(1994). Assessing metacognitive awareness. Contemporary Educational Psychology, 19, pp.460-475. 
Segal, Eliaz. (2004). Incubation in Insight Problem solving: Creativity Research Journal. Copyright 2004 by LawrenSce Erlbaum Associate, Inc.  
16(1), pp.141-148. 
Tobias, S., & Everson, H. T. (2002). Knowing what you don’t further research on metacognitive knowledge monitoring (research report No.         
2002-3) New York: the College Board Retrieved July 27S, 2004. 
Von Glasersfeld, E. (1995). Radical constructivism: A way of knowing and learning. London: Falmer Press. 
Yong, H. T.,  Kiong, L. N. (2000). Metacognition aspect of mathematics problem solving, MARA University of Malaysia.                      
http://www.math.ecnu.edu.cn/earcome3/tsg4/earcome3_Hwa_Tee%20Yong_tsg4070. 
Zan, R., Poli, P.(1999). Wining beliefs in mathematical problem solving. European Research in Mathematics Educationl.ll: Group5,               
http://www.fmd.uni-osnabrueck.de/ebooks/erme/cerme1-proceedings/papers vol2/g5_zan _ poli.pdf. 
Zimmerman, B.j. (2000). Attaining self regulation: A social cognitive perspective. In M. Boekaerts, P.R. Pintrich, & M. Zeidner(eds.), Handbook 
of Self- Regulation, pp.13-39, San Diego, CA: Academic Press. 
 
